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ABOUT MORDELL'S DESCENT METHOD

FANEL TASCHINA *

Abstract. In this paper, a complete version of the descent method proposed by
Mordell for finding the smallest solutions to Legendre's equation is described.

The proofs given are for the Legendre equation arbitrary and without making
transformations to bring the equation to the normal form, as has been done so far.
Holzer's theorem and Wlliams' corollary can be obtained from the proved theorem,
taking into account the corresponding equivalent equations.

Keywords: Legendre; Diophantine equations

If the equation

(1) ax? +by?+cz?=0, a,b,ceZ
is brought in the normal form in wich a,b,c without squares, not all of the same sign and
relatively prime in pairs, the necessary and sufficient conditions to have nontrivial
solutions are

—bc, —ac, —ab must be quadratic remainders modulo g, b, respectively c and were
established by Legendre.
In 1950, Holzer[1] demonstrated using methods that go beyond the elementary framework
that when the equation (1) in normal form, has nontrivial solutions, then there is a
solution with

(2) IxI<+Ibcllyl<+Tacl, | zI<+/lacl.
In 1969, Mordell[2] presented an elementary proof of the Holzer theorem, based on his
descent method, which we will call " The Mordell's Descent".
Starting from a wrong assumption, this method was taken up in 1988, with some
modifications, by Williams[3], but in his proof for a corollary of Holzer's theorem, errors
can be identified.
In the descent method proposed by Mordell there are two inaccuracies (not later corrected
by Wiliams). Thus, no evidence is provided to refute the case: Z = 0 (when the descent is
not obtained), which can result from the choice relation for Z.The other hand, in the case of
the solution constructed with (x, y, z) # 1, through the descent process it is not possible to
directly obtain the solution sought, as stated by the cited authors.
The need to correct the deficiencies highlighted justifies the revision of the descent method
proposed by Mordell.
We will detail a new variant of the descent method proposed by Mordell, by proving a
theorem that regards Legendre's equation as arbitrary and without making use of the
normal form of the equation.
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Without restricting generality, in the following we will consider the equivalent form of
Legendre's equation ax? + by? = cz?, a,b,c € Z,.

Theorem. If the equation
(3) ax? + by? =cz? a,b,c€Z,,

has nontrivial integer solutions, then there is a solution such that
(4)  IxI<+vbelyl<vag |z < Vac

Proof. If(X,Y, Z) is a nontrivial solution of the equation (3), then the equation

(5) ax? + by? = ¢,z*, a,b,c; € Z,, ¢c; —squares-free, ¢ = c¢,c3,
has the nontrivial solution (X,Y,c,Z), respectively the solution
(6) X Y c,Z
Xo Yo = (%0, Y0, 20) = 1.

T XY, 7)) X,Y,,2) T XY, 02)’
If z2 < ab then from the equation

(7) axg +byg = 125, (X0,¥0,20) = 1,
it is easy to deduce that we will have: x3 < bc;, x5 < ac; and the solution (c,xg, ¢;V0, Zo)
satisfies the conditions of the theorem statement.
If z2 > ab then we will proceed to obtain a new solution with |z| < |z,].
From (xg, Yo, Z9) = 1 and ¢; — squares-free, then x,, y, are coprimes.Therefore, exists u,v €
Z, ¢; = VX, — uy,. After substitution in equation ( 7), we will obtain the system of
equations

(8) vzi — axy = ty,, uzi + by, = tx,, teZ
and after solving in relation to xy and y, we will get

(9) dxy = tu+vb, dy,=tv—ua, dz3=t?+ab, deZ
respectively,

(10)  dcy = au? + bv?, tc, = uax, + bvy,.
By introducing a parameter w € Z,w = d (mod 2), we will build a new solution (x,y, z)
with z # 0. We make the notations

(11) (d —w?)c; = au? + bv? — c;w? = 2pycy

{(t—wz)c=axu+byv—czw=qc' Por Qo € Z.
0J)C1 0 0 120 0C1

By multiplying the equations in (11) by z3, respectively by (—2wz,) and adding member by
member, we obtain

(12)  225(pozo — qow) = (t — wz,)? + ab.
The right member being non-zero, then pyz, — gow # 0. If we will denoted this
expression with z, we have

(13)  2zyz = (t — wzy)? + ab.

By choosing the integers x and y from

(14)  uy —vx = —poc1, =XoY + YoX = qoC1,
It is easily verified that, for w = d (mod 2), the triplet (x,y,z) with z # 0, given by the
relations

(15)  x =poXo — qoU, ¥ = PoYo — oV, Z = PoZo — oW,
checks the equation (7).
From (13)
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b
(16) 2= = (i—w) +Z, w=d(mod?2).
Zg VA Z

We will show that we can choose w = d (mod 2) so that |ZL - W| < 1 after which it follows
0

easily that for z& > ab we will have: |z| < |z,|.
From (9)
(17) t\?> ab
d = (-) + -
Zo Zo
i ¢ t_|L L ivelv: (L —
We will have d > 0 and o ¢Z=> P [ZO] + {Zo} respectively: (20 W) + +1.

i—wl < 1,Wewillhavewe{[ ],[ ]+1}-

By solving the inequation L1+
Zy Zy

Conditions of choice w for obtaining the descent when zZ > ab are

18 1L _yl<1,  w=dmod2)
Zo
If Zi < 1 then from (17) it follows that d = 1 and from (18) we get: w = 1 when ZL >0
0 0
orw = —1 when Zi <O0.
0
If || > 1 then from (17) it follows that d > 1 and from |- —w| < L:w € { || || + 13.
Zg Zg Zo Z0

As a result, whatever the value for d > 1, one can choose the parity w so thatw =

d (mod 2).

For the value chosen for w, as applicable, from (16) it follows that |z] < |z].
Repeating the process starting from the constructed solutions, after a finite number of

steps, we will obtain a solution with ( (x;‘z))z < ab.
X oy
xy.z)’ (xyz)’ (x,
the theorem, the proof being complete.
Remarks: Holzer's Theorem are obtained from the Theorem for Legendre's equation
brought to the form ayx? + byy? = cyz?, in wich a,, by, cowithout squares and relatively

prime in pairs and Wlliams' Corollary for Legendre's equation brought to the form:
Cc

a
—— by =——,¢; = :
(@bc)’ 1" (abc)’ 1T (abo)

It is clear that the solution:( c f/z) ) verifies the conditions in the statement of

a;x? + b;y? = ¢;z?%, inwich a; =

Example. Let the equation 30x? + 1729y% = z% cu x,y,z € Z, for which the solution is
known: (X,Y,Z) = (30,29,1217).
Determine a solution with z* < ab.

We apply the Mordell descent method from the description of the theorem for
(X,Y,Z) = (30,29,1217),(X,Y,Z) =1,a=30,b =1729,c =1,c; =c, =c =1

Step 1. We take the solution (xg, vy, z9) = ((X,);,Z)'(X,};,Z)'(X,);,Z)) = (30,29,1217);

Step 2.Fromc; = xqgv —you =>u =1+ 30k;v =1+ 29k, k € Z.We take u=1,v=1;
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2 2
Step 3. We calculate d = == t = T2 [4/7] = d = 1759, ¢ = 51041, [t/zo] = 41;
1 1
Step 4. We choose w € {[t/z],[t/zo] + 1}:w = d (mod 2) = w = 41;
d-w?

Step 5. We calculate: py = sigg =t —wzy = py = 39and q, = 1144;

2
Step 6. We determine the solution: (x,y,z),| z |<| zy | thus: x = poxo — qoU, ¥ = PoYo —

oV Z = PoZy — QoW = x = 26,y = —13,z =559, (x,y,z) = 13;
2
Step 7. We checkif (——) < ab = 437 < 30 1729,
(x,y.2)

The solution soughtis: (x,y,z) = (2,—1,43).
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  a   x 2 + b   y 2 + c   z 2 = 0


  , b , c ∈ Z


    − b c , − a c , − a b    


  ∣ x ∣ ≤  ∣ bc ∣


  ∣ y ∣ ≤  ∣ ac ∣ ,


  ∣ z ∣ ≤  ∣ ac ∣ .


  a   x 2 + b   y 2 − c   z 2 = 0


  Z = 0


  Z .


   ( x , y , z ) ≠ 1 ,


    a   x 2 + b   y 2 = c   z 2 ,         a , b , c ∈   Z + .


  a   x 2 + b   y 2 = c   z 2 ,             a , b , c ∈   Z + ,


  ∣ x ∣ ≤  bc


  ∣ y ∣ ≤  ac ,


  ∣ z ∣ ≤  ac .


   ( X , Y , Z )


  a   x 2 + b   y 2 =   c 1   z 2   ,           a , b ,   c 1 ∈   Z +


    c 1 −


  c =   c 1   c 2 2


   ( X , Y ,   c 2 Z )


    x 0 =   X  ( X , Y ,   c 2 Z )   ,           y 0 =   Y  ( X , Y ,   c 2 Z ) ,       z 0 =     c 2 Z  ( X , Y ,   c 2 Z )   ,       (   x 0 ,   y 0 ,     z 0 ) = 1 .    


    z 0 2 ≤ a b


  a   x 0 2 + b   y 0 2 =   c 1   z 0 2


  (   x 0 ,   y 0 ,     z 0 ) = 1 ,    


    x 0 2 ≤ b   c 1


    x 0 2 ≤ a   c 1


    c 2   x 0 ,   c 2   y 0 ,   z 0


    z 0 2 > a b


   | z | <  |   z 0 |


    ( x 0 ,     y 0 ,     z 0 ) = 1


    c 1 −


    x 0 ,     y 0


  u , v ∈ Z ,


    c 1 = v   x 0 − u   y 0


  v   z 0 2 − a   x 0 = t   y 0 ,     u   z 0 2 + b   y 0 = t   x 0 ,                       t ∈ Z


    x  0   a n d     y  0   ,


  d   x 0 = t u + v b ,           d   y 0 = t v − u a ,             d   z 0 2 =   t 2 + a b ,                       d ∈ Z


  d   c 1 = a   u 2 + b   v 2


      t   c 1 = u a   x 0 + b v   y 0


  w ∈ Z ,   w ≡ d   ( m o d   2 )


  ( x , y , z )


  z ≠ 0


   {     ( d −   w 2 )   c 1 = a   u 2 + b   v 2 −   c 1   w 2 = 2   p 0   c 1    ( t − w   z 0 )   c 1 = a   x 0 u + b   y 0 v −   c 1   z 0 w =   q 0   c 1   ,


    p 0


    q 0 ∈ Z


    z 0 2


  ( − 2 w   z 0 )


  2   z 0  (   p 0   z 0 −   q 0 w ) =    ( t − w   z 0 ) 2 + a b .


    p 0   z 0 −   q 0 w ≠ 0


  2   z 0 z =    ( t − w   z 0 ) 2 + a b .


  u y − v x = −   p 0   c 1


  −   x 0 y +   y 0 x =   q 0   c 1 ,


  w ≡ d   ( m o d   2 )


  z ≠ 0


    x = p 0   x 0 −   q 0 u ,       y = p 0   y 0 −   q 0 v


    z = p 0   z 0 −   q 0 w


  2   z    z 0 =    (   t    z 0 − w ) 2 +   a b    z 0 2


  w ≡ d   ( m o d   2 )


  w ≡ d   ( m o d   2 )


     |   t    z 0 − w | < 1


    z 0 2 > a b


   | z |   <  |   z 0 |


  d =    (   t    z 0 ) 2 +   a b    z 0 2 .


  d > 0


    t    z 0


  ∉ Z


  ⇒   t    z 0 =  [   t    z 0 ] + {   t    z 0


   (   t    z 0 − w ) ≠ ± 1


   |   t    z 0 − w | < 1 ,


    w ∈ {


   [   t    z 0 ] ,  [   t    z 0 ] + 1 } .


  w


    z 0 2 > a b


   |   t    z 0 − w | < 1 ,     w ≡ d   ( m o d   2 ) .


   |   t    z 0 | < 1


  d = 1


  w = 1


    t    z 0 > 0


  w = − 1


      t    z 0 < 0


   |   t    z 0 | > 1


  d > 1


   |   t    z 0 − w | < 1


  w ∈ {


   [   t    z 0 ] ,  [   t    z 0 ] + 1 }


  d > 1


  w


  w ≡ d   ( m o d   2 )


  w


   | z |   <  |   z 0 |


  (     z  ( x , y , z ) ) 2 ≤ a b


      c 2 x  ( x , y , z ) ,       c 2 y  ( x , y , z ) ,       z  ( x , y , z )   )  


    a 0   x 2 +   b 0   y 2 =   c 0   z 2


    a 0 ,   b 0 ,   c 0


    a 1   x 2 +   b 1   y 2 =   c 1   z 2


    


  30   x 2 + 1729   y 2 =   z 2


    x , y , z ∈ Z


   ( X , Y , Z ) =  ( 30 , 29 , 1217 )


    z 2 ≤ a b


   ( X , Y , Z ) =  ( 30 , 29 , 1217 ) ,  ( X , Y , Z ) = 1 , a = 30 , b = 1729 , c = 1


    c 1 =   c 2 = c = 1


   (   x 0 ,   y 0 ,   z 0 ) =  (   X   ( X , Y , Z ) ,   X   ( X , Y , Z ) ,   X   ( X , Y , Z ) ) =  ( 30 , 29 , 1217 ) ;


    c 1 =   x 0 v −   y 0 u ⇒ u = 1 + 30 k ; v = 1 + 29 k , k ∈ Z


  d =   a   u 2 + b   v 2    c 1 , t =   a u   x 0 + b v   y 0    c 1 ,  [ t /   z 0 ] ⇒ d = 1759 , t = 51041 ,  [ t /   z 0 ] = 41 ;


  w ∈ {  [ t /   z 0 ] ,  [ t /   z 0 ] + 1 } : w ≡ d   ( m o d   2 ) ⇒ w = 41


    p 0 =   d −   w 2 2   si     q 0 = t − w   z 0 ⇒   p 0 = 39


    q 0 = 1144 ;


   ( x , y , z )   , ∣ z ∣ < ∣   z 0 ∣   t h u s :   x = p 0   x 0 −   q 0 u ,       y = p 0   y 0 −   q 0 v


    z = p 0   z 0 −   q 0 w


  ⇒


  x = 26 , y = − 13 , z = 559 ,  ( x , y , z ) = 13


     (   z   ( x , y , z ) ) 2 ≤ a b ⇒  43 2 < 30 ∗ 1729


  ( x , y , z ) = ( 2 , − 1 , 43 )

